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ON THE BIRATIONAL GEOMETRY OF HILBERT SCHEMES OF POINTS
AND SEVERI DIVISORS
CE´SAR LOZANO HUERTA AND TIM RYAN
Abstract. A birational morphism f ∶X → Y among smooth surfaces with regularity zero, induces
a rational map between Hilbert schemes of points F ∶X[n] ⇢ Y [n]. We study the restriction of the
augmented stable base loci of X[n] to that of Y [n], via F , and show that it is equal to the stable
base locus decomposition of Y [n]. We compute the classes of Severi divisors in NS(X[n]), where a
Severi divisor in X[n] is a locus that can be realized as nodes of irreducible curves on X. In the
case that X is a Hirzebruch surface, these Severi divisors yield some examples of divisor classes not
previously known to be effective.
1. Introduction
Understanding the birational geometry of the moduli spaces of sheaves on surfaces is an active
and difficult problem. Recently, there has been progress on the subject driven by the introduction
of new notions and techniques such as the derived category and the Bridgeland stability condi-
tions [ABCH13],[CHW17], [BC13], [BM14], [BM14-2], [BHLRSWZ16], [MM13] [Nu], [Nu16],[Y12],
[YY14].
In a pioneering work [ABCH13], Arcara, Bertram, Coskun and Huizenga, interpret the Hilbert
scheme of points on P2 as a moduli space of Bridgeland semi-stable objects and link birational
invariants of the Hilbert scheme, such as the stable base locus decomposition (SBLD), to a de-
composition of the set of Bridgeland stability conditions; which is a complex manifold due to a
celebrated result by Bridgeland [Br07]. Furthermore, the authors exhibit a one-to-one correspon-
dence between the walls of the SBLD and walls of the stability manifold, and conjectured that such
a correspondence holds in more generality.
In this paper, we investigate an ingredient of such a correspondence, the stable base locus decom-
position. Let X[n] denote the Hilbert scheme of points on the smooth surface X. Then we ask,
how does the SBLD of X[n] behave as the surface X undergoes a birational modification? Our
first result, Theorem 3.10, answers this question under some assumptions on X. Before stating this
theorem, a comment and some notation are in order.
Let X and Y be smooth surfaces with h1(OX) = h
1(OY ) = 0, and let f ∶ X → Y be a birational
morphism between them. Observe that the morphism f induces a rational contraction, in the sense
of [HK00], among the Hilbert scheme of points, Proposition 3.2
F ∶ X[n] ⇢ Y [n].
In this setting, linear and numerical equivalence of divisors coincide on X[n] and Y [n] and addi-
tionally, the induced map F ∗ ∶ N1(Y [n]) → N1(X[n]) is injective. Hence, in order to understand
the behavior of the SBLD, one may try to restrict its cones in N1(X[n]) to the image of the map
F ∗. However, the image of F ∗ is contained in a wall, hence the restriction of the stable base locus
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decomposition does not provide anything. We then analyze the augmented base locus which is
the base locus of the divisor perturbed by a small multiple of an ample divisor. For the rigorous
definition, see Definition 3.6. The augmented stable base locus is more refined information than
that of the stable base locus [La04], and the following result establishes that the stable base locus
decomposition of Y [n] can be recovered from the augmented base locus decomposition of X[n]. We
may phrase our first result, Theorem 3.10, as follows.
Theorem A. The linear augmented stable base locus decomposition of Eff(X[n]) when restricted
to the image F ∗(NS(Y [n])) is equal to the linear stable base locus decomposition of Eff(Y [n]).
In case X is a Fano surface, then both spaces X[n] and Y [n] are Mori dream spaces [BC13], and
the map F factors through a finite collection of small modifications and birational contractions.
It follows that the cone of nef divisors of Y [n] can be recovered from the movable cone of X[n]
[HK00]. In other words, F ∗Nef(Y [n]) ⊂ Mov(X[n]) is a sub-cone of the movable cone of X[n];
which informally speaking means that the restriction of the movable cone contains the nef cone.
This is a particular example of the theorem above.
In the case of X = P2, the walls of the stable base locus decomposition correspond to walls in the
Bridgeland stability manifold [ABCH13, BMW14, LZ18, LZ]. Furthermore, if the correspondence
of the Bridgeland walls with the stable base locus walls holds for a minimal surface, then our results
may help understanding such a correspondence for non-minimal surfaces.
In order to prove Theorem 3.10, we first show that the restriction of the effective cone of divisors of
X[n] to Y [n] is the whole of the effective cone. This is proved in Proposition 3.2 in a somewhat more
general setting. If we denote the linear part of the (augmented) stable base locus decomposition of
Eff(Y [n]) by ∆Y [n] , (Definitions 3.7, 3.8), then we may state the previous result as follows
∆X[n] ∣V = F
∗∆Y [n] ,
where V = F ∗NS(Y [n]). Okawa studies carefully these restrictions, and obtains similiar results to
ours, under the assumption that F is a surjective morphism between Mori dream spaces [Ok16].
As an example, we apply Theorem 3.10 to Y , a blowup of P2. We then have that the augmented
stable base locus decomposition of Y [n], induces the stable base locus decomposition of P2[n] in
an interesting way: ∆P2[n] sits along an extremal wall of the movable cone of Y
[n], and the two
possible decompositions at hand coincide. See Section 3 for examples.
An important part of [ABCH13] and [CHW17] is the explicit description of the cones of effective
and movable divisors of P2[n] (actually, they proved more, but let us discuss here only the Hilbert
scheme). These papers show that the (interesting) extremal rays of such cones are Brill-Noether
divisors of suitable vector bundles that satisfy interpolation with respect to a generic Z ∈ P2[n]. A
technical part then is to show that the sections of such bundles vanish on Z. In this paper, instead
of dealing with the interpolation problem for higher rank vector bundles, we test the interpolation
problem of second order for line bundles. In other words, we ask for sections of line bundles to
vanish and their first derivatives to vanish as well. In Section 4, we define effective divisors in
S[n], where S is a smooth surface such that h1(OS) = 0, and for which the Severi variety has the
expected dimension. We call these effective divisors Severi divisors.
A Severi divisor in S[n], denoted by Sev(n, ∣C ∣), is defined as the (closure of) set of points that can
be realized as nodes of curves in a suitable linear system ∣C ∣. More precisely, let C ⊂ S be a curve
in S. Consider the Severi variety, denoted by Vn(∣C ∣), which generically parametrizes irredicible
curves in the liner system ∣C ∣ with n nodes and no other singularities. Note there is a forgetful
map f ∶ Vn(∣C ∣) ⇢ S
[n], which sends a n-nodal curve C to the subscheme supported on its nodes.
We study the image of this forgetful map.
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Definition. Let f be the forgetful map f ∶ Vn(∣C ∣)→ S
[n]. We define the Severi locus, Sev(n, ∣C ∣),
as the closure of the image of the forgetful map f ,
Sev(n, ∣C ∣) = Im(f).
When this locus has codimension 1, we will call it the Severi divisor.
If the Severi variety has the expected dimension edimVn(∣C ∣) = dim ∣C ∣ − n, then we consider the
case in which numerically, it has codimesion one in S[n]. This yields dim ∣C ∣ = 3n − 1. Our second
result, in Theorem 4.8, computes the divisor class in NS(S[n]) of the Severi divisor.
Theorem B. Let C ⊂ S be a curve contained in a smooth projective surface with h1(OS) = 0.
Assume the Severi variety Vn(∣C ∣) has the expected dimension, generically parametrizes irreducible
curves with n nodes and the class KS + 3C is effective. Then the class of the Severi locus is
Sev(n, ∣C ∣) = (KS + 3C)[n] − 52B[n],
as long as dim ∣C ∣ = 3n − 1. In particular, Sev(n, ∣C ∣) is a divisor.
As a consequence of the previous result, and extending work of Ciliberto and Cornalba [AC81], we
get that the forgetful map f is finite.
Corollary C. Under the same assumptions as above, the following forgetful map is finite
f ∶ Vn(∣C ∣)→ S[n].
Although in the case of S = P2 and S = P1 ×P1, the Severi divisors are not extremal in the movable
cone. However, there are considerably less known SBL chambers between Sev(n) and the extremal
ray of Eff(S[n]), than the number of chambers between Sev(n) and the ample cone Amp(S[n]).
Furthermore, in the case of S = Fr, a Hirzebruch surface, the Severi divisors yield examples of
divisor classes which were not previously known to be effective. We do not know whether they
span extremal rays in the effective or the movable cones.
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2. Preliminaries on the Hilbert Scheme of points on surfaces
Let us begin by recalling some basic facts about Hilbert schemes of points. For a more complete
introduction to the subject see work of Nakajima [Na99].
Let Y be a smooth projective surface with h1(OY ) = 0. Let us denote by {D1, . . . ,Dk} generators
of the Picard group Pic(Y ). For n > 0, recall that the set of unordered n-tuples of points in Y
is called the symmetric product and is denoted by Y (n). This space is the quotient of the n-th
product Y × . . .×Y by the symmetric group Sn, where the action is permutation of the coordinates.
The symmetric product is singular along the locus of tuples with a repeated point of Y , which
naturally leads for a desire for a better moduli space of points.
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Observing that the subscheme Γ ⊂ Y which consists of n distinct points has Hilbert polynomial n,
it induces a point of the appropriate Hilbert scheme. Motivated by this, let Y [n] denote the Hilbert
scheme which parametrizes subschemes of Y with constant Hilbert polynomial n.
The first step in understanding the birational geometry of Y [n] is to understand the divisors on it.
To this end, we start by using each divisor on Y to define a Weil divisor on Y [n]. Define D[n] to
be the divisor in Y [n] of subschemes whose support intersects a general fixed curve with class D.
When it is clear, we will simply write D in place of D[n].
Theorem 2.1. (Fogarty [Fo68]) The Hilbert scheme Y [n] is a smooth irreducible projective variety
of dimension 2n. This space Y [n] admits a natural morphism to the symmetric product Y (n) called
Hilbert-Chow morphism
h ∶ Y [n] Ð→ Y (n).
The morphism h is birational and gives a crepant desingularization of Y (n). Furthermore, NS(Y [n]) =
Pic(Y [n])⊗Q is spanned by D1[n], . . ., Dk[n], and B where B is the exceptional divisor of h if Y
has h1(OY ) = 0.
This result implies that the Weil divisors in Y [n] are also Cartier divisors. Thus, the Weil divisors
Di[n] and B[n] suffice to generate all divisors (over Q). For example, in case Y = P2, let H be
the locus of subschemes Γ ∈ P2[n] such that Γ ∩L ≠ 0, where L ⊂ P2 is a fixed line. Also, let B be
the locus of nonreduced subschemes of P2 of dimension zero and length n. Alternatively, we can
describe H and B in terms of the Hilbert-Chow morphism: H ∶= h∗O(1) is the pullback of the
ample generator of Pic (P2(n)) and B = Exc(h) is the exceptional divisor.
Analogously to the divisor D[n], define the curve CD[n] in Y [n] by fixing n−1 general points of Y
and then varying an n-th point along a fixed curve of class D. For Di, we will abuse notation and
write Ci[n]. By Fogarty’s theorem, we know that the space of 1-cycles on Y [n] is generated by
N1(Y [n]) = ⟨C0[n],C1[n],⋯,Ck[n]⟩
where C0[n] is the curve defined by fixing n − 2 general points of Y , a general point of a fixed
curve D0, and then varying an n-th point along that curve. The birational invariant we will study
first is defined as the closure of the cone of divisors classes which are effective, it is denoted by
Eff(X[n]) ⊂ NS(X[n]) .
3. Stable base locus decomposition of the cone of effective divisors
Throughout this section we make use of the following notation. Let f ∶ X → Y be a birational
morphism among smooth surfaces with h1(OX) = h1(OY ) = 0. Then, there is an induced rational
map at the level of Hilbert schemes, F ∶ X[n] ⇢ Y [n]. Our first result claims that via F , we
can recover the effective divisors of Y [n] from those of X[n]. We recall from [HK00] the following
definition.
Definition 3.1. Let F ∶ X ⇢ Y be a dominant rational map, where Y is normal and projective.
We say that F is a rational contraction if there exists a resolution of F
W
X
q
✛
Y,
F˜
✲
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where W is smooth projective, q is birational, and for every q-exceptional effective divisor E on
W , we have that
F˜∗(OW (E)) = OY .
Proposition 3.2. Let f ∶ X → Y be a birational morphism between smooth surfaces. If we denote
by F ∶ X[n] ⇢ Y [n] the induced map between Hilbert schemes, then F is a rational contraction and
Eff (X[n]) ∣V = F ∗ (Eff (Y [n])) ,
where V stands for the image V = F ∗ (N1 (Y [n])).
Proof. Since a birational morphism among smooth surfaces is a composition of blow downs, it
suffices to analyze the case X = BlpY .
Observe that F is birational and that there are open sets U ⊂ X[n] and T ⊂ Y [n], such that
F ∶ U → T is an isomorphism with codim(Y [n]/T ) ≥ 2. Let W be a resolution of F (e.g. the
normalization of the graph of F ), as in Definition 3.1, and E a q-exceptional divisor. Suppose E is
not F˜ -exceptional. Then, let us write N = Y [n]/F˜∣E(exc(F˜ )), and notice that codim(Y [n]/N) ≥ 2.
Hence, F˜ (E)∣N is a divisor which is not trivial. Therefore, F∗(OW (E))∣N = ON(F˜ (E)) ≠ ON . It
follows that
F˜∗(OW (E)) ≠ OY [n] ,
which means that F is a rational contraction if and only if all q-exceptional divisors are also F˜ -
exceptional. In order to finish the argument, observe that codim(Y /T ) = 1, which is a contradiction.
Therefore, F is a rational contraction.
Let D ∈ Eff(Y [n]). Then, f∗(D) is an effective divisor whose class is in F ∗(NS(Y [n])). Thus,
F ∗ (Eff(Y [n])) ⊂ Eff(X[n]) ∩F ∗ (NS (Y [n])) .
Taking closures, we get that
F ∗ (Eff(Y [n])) ⊂ Eff (X[n]) ∩ F ∗ (NS (Y [n])) .
Now let D′ ∈ Eff (X[n]) ∩ F ∗ (NS (Y [n])). Then by definition there exists D ∈ NS(Y [n]), such
that D′ = F ∗(D). Assume D is not pseudo-effective. Then there exists a moving curve C, such
that C ⋅D < 0. Let W be a resolution of the rational map F ,
W
X[n]
q
✛
Y [n]
F˜
✲
where q and F˜ are birational morphisms. Observe that the map induced on 1-cycles F˜∗ ∶ N1(W )→
N1(Y [n]), (resp. q∗) is surjective. Thus, there is a curve C0, such that F˜ (C0) = C, (resp. q(C0) =
C ′). Also, the induced map F˜ ∗ ∶ Pic(Y [n])→ Pic(W ) (resp. q∗) is injective. From the definition of
D and D′, we see that D′ ⊂X[n] such that q∗(D′) = F˜ ∗(D), and therefore
q∗(D′).C0 = F˜ ∗(D).C0.
By the projection formula on F˜ , we have that F˜∗(q∗(D′).C0) = D.C < 0. Observe that because C
was not in the exceptional locus of F˜ , it is not in the exceptional locus of q, so there exists some
curve C ′ in X[n] such that q(C) = C ′. Since all the q-exceptional divisors are also F˜ -exceptional,
then it follows that
q∗(q∗(D′).C0) =D′.C ′ < 0.
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Observe that C ′ is a moving curve, and thus the previous inequality contradicts the pseudo-
effectiveness of D′. So D must be pseudo-effective and
Eff (X[n]) ∩F ∗ (NS (Y [n])) ⊂ F ∗ (Eff(Y [n])) .

Now that we have compared the pull back of the effective cone with the restriction of the effective
cone, we want to do the same for the finer information of the stable base locus decomposition of
those effective cones. We will do this in Theorem 3.10 and Corollary 3.11. Let us recall the basic
notions involved, and start by defining the base locus of a divisor.
Definition 3.3. Let D be a divisor on a smooth projective variety X. The base locus of D, denoted
Bs(D), is the intersection of all divisors D′ linearly equivalent to D,
Bs(D) ∶= ⋂
D′∈∣D∣
D′.
The base locus is a natural construction, but it is not well behaved in the sense that it may
jump wildly for divisors with similar equivalence classes. This situation leads to the following
construction.
Definition 3.4. The stable base locus of D, denoted B(D), is the intersection of the base locus of
all multiples of D,
B(D) ∶= ⋂
m>0
Bs(mD).
Equivalently, this is the intersection of all divisors D′ linearly equivalent to some multiple of D,
B(D) = ⋂
D′∈∣mD∣,m>0
D′.
On Mori dream spaces, there is a open set of the Ne´ron-Severi space on which the stable base locus
is well defined and locally constant [ELMNP06]. We call this the stable locus. The complement of
the stable locus are the walls of the stable base locus decomposition (SBLD).
Definition 3.5. Let X be a smooth surface with h1(OX) = 0. We call X a Mori surface if the
Hilbert scheme X[n] has a linear stable base locus decomposition for all n.
For Mori dream spaces, the walls of the SBLD are defined by linear equations. Further, in case
there is a birational morphism X → Y , among Fano surfaces, then both X[n] and Y [n] are Mori
dream spaces [BC13]. This means that in both cases the SBLD has finitely many chambers, and
one may try to compare these decompositions via the map F .
However, when we attempt to do this we run into a problem: the curve CE[n] defines a wall in
NS (X[n]) which completely contains F ∗ (Eff(Y [n])), and the stable base locus is not defined for
divisors which are on walls of the decomposition. In order to deal with this, we recall the definition
of the augmented (restricted) stable base loci.
Definition 3.6. The augmented (resp, restricted) stable base locus of D, denoted by B+(D) (resp,
B−(D)), is the stable base locus of D − ǫA (resp, D + ǫA), that is
B+(D) ∶=B(D − ǫA) (resp, B−(D) =B(D + ǫA))
for any ample divisor A and 0 < ǫ << 1. These are independent of the choice of A.
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The augmented and restricted stable base loci are better suited for our purposes. Every numerical
class has a well defined augmented and restricted base locus which are invariant under scaling. The
stable locus is precisely where the augmented base locus is equal to the restricted base locus. We
will primarily be interested in the augmented stable base locus, so we will state a decomposition
with respect to that alone.
We now add as a standing assumption in this section that the complement of the stable locus of X
is the union of many linear subspaces. In more generality, many statements we will make apply to
“linear walls” of the SBLD.
Definition 3.7. Let X be a smooth projective variety. The augmented stable base locus decompo-
sition, ASBLD of X, denoted ∆X , is the partition of Eff(X) such that Bs+(D) is fixed for every
class D in a fixed element of the partition. A wall of the ASBLD is the interior of the boundary of
any element in the partition given by the ASBLD.
We will use the notion of ASBLD in order to define the ASBLD of a subspace V of the Ne´ron-Severi
space. This will allow us to compare the ASBLD similarly to Proposition 3.2, where we compared
the effective divisors. Observe that the chambers of stable base locus decomposition of X are the
interiors of the chambers in the ASBLD of V . Similarly, the curves defining the walls of the SBLD
fully determine the ASBLD and vice versa.
Definition 3.8. Let X be a smooth projective variety and V a subspace of NS(X). The augmented
stable base locus decomposition of V , denoted ∆X ∣V is the restriction of the the ASBLD of X to
V ∩ Eff(X). A wall of the ASBLD is again the interior of the boundary of any element in the
partition given by the ASBLD.
This definition formalizes the restrictions to V of the walls in the SBLD of NS(X) that do not
contain V . In a Mori dream space, every wall is defined by a curve class which is dual to every
divisor on the wall. The subvariety covered by curves in the class [C] is contained in the base locus
on one side of the wall, but often not on the other side. This is equivalent to dim(V ) − 1 linearly
independent divisors on the wall whose augmented base locus is not equal to their restricted base
locus.
In every case we consider in this paper every element of the partition of the Ne´ron-Severi space
(resp., subspace V ) has a (resp., relative) full dimensional interior and any pair of chambers whose
closures intersect in codimension 1 are separated by a wall. Informally, if the decomposition is
finite polyhedral, then one can apply the definition to each subspace containing a wall in order to
further decompose such a wall.
We want to apply these notions to the Hilbert scheme of points Y [n] as we vary the surface Y
within its birational class. Let f ∶ X → Y be the blowup of Y at a point. Observe that if X is a
Fano surface, then Y is a Mori surface. Let V = F ∗ (NS (Y [n])) be a subspace of NS (X[n]). Our
goal is to show the restriction of the ASBLD to V is equal to the pull back of the SBLD. We first
show one direction of this statement. Let us denote the upper half space by HE ⊂ NS(X[n]), which
consists of divisor classes for which E[n] has a positive coefficient.
Lemma 3.9. Any wall of the ASBLD of X[n] in HE induces a wall in the SBLD of Y
[n]. Since the
ample cone of X[n] lies in the other half space, this means every wall of the ASBLD of V induces
a wall of the SBLD of Y [n].
Proof. Let D be a divisor on Y [n], F ∗(D) = D′ and U denote the open set where X and Y are
isomorphic via f .
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The proof proceeds in three steps. First, we show any difference in base locus between chambers
in HE differ by a locus in U
[n]. Second, we show that the curve defining the hyperplane of the
wall in V defines the same hyperplane in NS(Y [n]). Finally, we show that hyperplane is a wall by
exhibiting enough divisors whose restricted and augmented base loci are different.
Let CE be the curve defined as those schemes containing n − 1 general fixed points and whose
n-th point is on E. Observe that E[n]CE < 0, which implies that all representatives of [CE] are
contained in E[n]. If D′ ⋅ CE = 0, then it follows that E[n] is in the (augmented) base locus for
every divisor of the form D′ + aE[n], where a ∈ Q is positive. Thus, any wall of the ASBLD in HE
separates two base loci which differ only by schemes lying in U [n], so can be considered as points
in either X[n] or Y [n].
Let C ′ be a curve defining such a wall. Since representatives of the class [C ′] cover some portion
of the difference of the base loci (i.e., points in U), we can assume it has an open subset contained
in U [n]. As such, we can consider C ′ as a curve in either X[n] or Y [n] (take the closure of open set
in U [n]). We will use C ′ to denote it as a class in X[n] and C to denote it as a curve in Y [n]. As
the point was general it is not in the support of any scheme on C, which means any intersection of
C or C ′ with D or D′, respectively, is happening in U [n]. Then by the push-pull formula applied
to U [n], we have
C ⋅D = F∗(C ′).F∗(D′) = F∗(C ′.F ∗F∗(D′))
= F∗(C ′.D′).
In particular, if C defines a wall of the ASBLD of Y [n], then this wall is the same as the restriction
of the wall defined by C ′ on X[n].
Finally for the last step, it suffices to show that the curve C ′ defining the wall in HE does in fact
define a wall in Y [n] via C (recall C = F∗(C ′), means we map to the open set which is isomorphic
and take the closure). We know that C ′ defines a wall of the ASBLD of F ∗(NS(Y [n]). In particular,
there are ρ(Y ) linearly independent divisors F ∗(D) such that C ′ ⋅ F ∗(D) = 0 and each of those
divisors has a sequence {F ∗(Di)} of divisors such that augmented base locus of F ∗(Di) is different
from that of F ∗(D). By reasoning above the difference between their augmented base loci and that
of F ∗(D) must consist entirely in points of U [n]. Then the augmented base locus of a divisor on
Y [n] and the augmented base locus of its pullback can only differ by points outside of U [n] so the
augmented base locus of each Di is different from that of D. Thus, C defines a wall as desired. 
We now show the reciprocal of the previous proposition which is the main result of this section.
Theorem 3.10. Let f ∶X → Y a birational morphism among Mori surfaces. Then, the restriction
of the ASBLD to V is equal to the pull back of the SBLD via the rational map among Hilbert
schemes F ∶X[n] ⇢ Y [n]. That is to say
∆X[n] ∣V = F ∗(∆Y [n]),
where V = F ∗NS(Y [n]).
Proof. We can assume that f ∶ X → Y , with X = BlyY . It then follows from Lemma 3.9 that a wall
of the ASBLD of V induces one of Y [n]. In other words, F ∗(∆Y [n]) ⊃ ∆X[n] ∣V . So, it suffices to
show that given a wall of Y [n] (i.e., a wall in F ∗(∆Y [n])), it induces one of V .
Let C be a curve class defining a wall of the ASBLD of Y [n] and D one of the ρ(Y ) − 1 linearly
independent divisor class on that wall (i.e. C ⋅D = 0 in Y [n]). As y was a generic point of Y and
the support of the elements of C is at most a curve, y is not part of the support of any subscheme
contained in the general element of C. Then we can consider C as a curve class C ′ on X[n]. As
the F ∗(D) are still linearly independent, it suffices to show each F ∗(D) is dual to C ′ and the
augmented stable base locus of F ∗(Di) differs from that of F ∗(D). Since C ′ ⋅F ∗(D)∣E = C ⋅D∣y = 0
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as y is general, we can apply the projection formula to each curve’s open set in U [n]. Thus, by the
projection formula,
C ′ ⋅ F ∗(D) = C ⋅D = 0
so F ∗(D) is dual to C ′. Since the augmented stable base locus of F ∗(D) and D differ only by
points not in U [n] for all divisors D and the augmented stable base locus of Di differs from that
of D by points in U [n], the augmented stable base locus of F ∗(Di) differs from that of F ∗(D) as
desired. 
Relaxing the assumption that y was a general point, a slight modification same argument gives the
following corollary.
Corollary 3.11. Let X = Blp(Y ) where p may no longer be general, and X and Y are Mori
surfaces. Then the walls of ∆X[n] ∣V differ from those of F ∗(∆Y [n]) only by walls where the base
locus on either side differs only by schemes whose support intersects the exceptional divisor or the
blown down point.
As mentioned at the beginning of the section, we also get the previous result for any birational
morphism of surfaces.
Corollary 3.12. Let f ∶ X → Y be a birational morphism among smooth Mori surfaces. Then the
walls of the ASBLD of V differs from that of Y [n] only by walls where the base locus on either side
differs only by schemes whose support intersects the exceptional divisors or the blown down points.
We have now a corollary that concerns the number of chambers.
Corollary 3.13. Let f ∶ X → Y be a birational morphism among smooth Mori surfaces. If Y [n]
has infinitely many chambers in the SBLD, then so does X[n].
Observe that in case Y [n] fails to be a Mori dream space because of the presence of infinitely many
chambers, then X[n] will fail to be a Mori dream space for the same reason.
Example 3.14. (SBLD correspondence for Del Pezzo surfaces.) Let Sd be the degree 9 − d del
Pezzo surface for 8 ≥ d ≥ 1 where by S1 we will mean the first Hirzebruch surface which is P
2 blown
up at a point not P1 × P1. Recall that Sd is isomorphic to P
2 blown up at d general points, so its
Picard group is generated by H and E1, . . . ,Ed, where H is the pull back of a general line to Sd
from P2, and the Ei are the exceptional divisors. Denote the blow up map by fd ∶ Sd → P
2 with
corresponding birational maps Fd ∶ S
[n]
d
⇢ P2[n]. It follows from Theorem 3.10, applied to each
successive blow up Sd → Sd−1, that
∆
S
[n]
d
∣V = F ∗d (∆P2[n]),
where V = F ∗d (NS (P2[n])) = ⟨H[n],B[n]⟩.
Example: The following picture exemplifies how the SBLD of P2[3] can be interpreted inside the
SBLD of F
[3]
1
in the subspace generated by ⟨H,B⟩. We have shaded the moving cones to draw
attention to how they correspond. Note Xi,0 = iH −
1
2
B on F
[3]
1
and Xi = iH −
1
2
B on P2[3].
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X2,0
X1,0
B
H
X2
X1
The SBLD of F
[3]
1 The SBLD of P
2[3]
3.1. Correspondence Between Chambers of F
[n]
r and P
2[n]. Let Fr denote the r-th Hizebruch
surface, P(OP1 ⊕ OP1(r)), r > 0. Denote by E the class in Pic(Fr) of the unique curve of self-
intersection −r, denote by F the class of a fiber of the ruling of Fr, and denote by H the class of
the strict transform of a general line under the birational map Fr ⇢ P
2. Note that H = E + rF .
Observe we know the correspondence of the SBLD of the effective cone of P2[n] with the ASBLD
of the hyperplane spanned by H[n] and B[n] inside the effective cone of F[n]
1
(Example 3.14).
We would now like to compare the SBLD of the effective cone of P2[n] with the slice of the ASBLD
of F
[n]
r for r > 1 spanned by H[n] and B[n]. These results do not follow immediately from Theorem
3.10 as the birational maps involved are now compositions of a blow up and a blow down.
We have the diagram
Fr,r+1
Fr
p1
✛
Fr+1
p2
✲
where Fr,r+1 is the blow up of Fr at a point of E which is isomorphic to the blow up of Fr+1 at a
point not on E. Then, we apply Corollary 3.11 to the morphisms p1 and p2 separately, and then
analyze how they interact in the effective cone of F
[n]
r,r+1.
Proposition 3.15. Every linear wall of ∆
F
[n]
r+1
either induces a linear wall of ∆
F
[n]
r
for r > 0 or its
induced hyperplane intersects an intersection of two walls.
Proof. The strategy is to use prior ideas to lift a curve from F
[n]
r+1 to F
[n]
r,r+1, and then look at the
hyperplane the image of this curve defines in the Neron-Severi space of F
[n]
r .
Let α be a curve class determining a wall of the SBLD of F
[n]
r+1. Then, α can be considered as
a curve class β in F
[n]
r,r+1 since p2 was the blow up at a general point. Let X be a general scheme
(of some component) of those schemes which are in the base loci for all divisors which intersect α
negatively and which is not in the base loci for all effective divisors which intersect α non-negatively.
As the blow up point p was general, Z is supported away from the strict transform of the fiber
containing p.
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As such the general point of a general curve C in class β corresponds to a scheme whose support
misses the exceptional divisor of the map from Fr,r+1 to Fr (recall that this is the strict transform
of the fiber on Fr+1 through the blow up point). Thus, an open subset of C is contained in the
locus where the map from F
[n]
r,r+1 to F
[n]
r is an isomorphism. Let γ be the class of the closure of this
open set in F
[n]
r .
Now, because Z avoids that strict transform of that fiber, we can consider it as a point of F
[n]
r .
Now Z is in the base locus on one side of the induced hyperplane but not in the base locus of some
divisor on the other side. This implies the result. 
In the case that the number of points is high compared with the index of the Hirzebruch surface,
we get the following stronger conjecture.
Conjecture 3.16. The Hilbert scheme F
[r+k]
r is a Mori dream space, and the decomposition is
given by the walls defined in Thm. 4.15 of [ABCH13].
These walls are given exclusively by curves of two forms. The first form of curve has a representative
defined by k fixed points on a fixed curve (of class E, H, or F ), n − k − 1 general fixed points, and
one point moving on that curve. The second form of curve has a representative which consists of
the fibers of an n to 1 map from a curve (of class E, H, or F ) to P1.
We make the following conjecture which would imply that the word linear in the previous propo-
sition is unnecessary.
Conjecture 3.17. Fr is a Mori surface .
4. Severi divisors
The divisors studied in this section will be obtained by analyzing the situation of nodes of irreducible
curves C ⊂ S contained in a smooth surface S with h1(OS) = 0. We call these divisors Severi
divisors. We will compute the class of these divisors under mild hypotheses. We will give examples
as to how the Severi divisors change as we vary S in its birational class. At the end, we observe
that the Severi divisors provide examples of divisor classes which were not known to be effective
for Hirzebruch surfaces. Moreover, such divisors more generally exist for other surfaces.
Let C ⊂ S be an irreducible curve on a smooth surface S. We consider a subspaceW ⊂H0(S,OS(C))
of codimension l. Recall that the generalized Severi variety Vδ(W ) generically parametrizes curves
in ∣W ∣ ⊂ ∣OS(C)∣ with δ nodes [Fe07]:
Vδ(W ) = {C ∈ ∣W ∣ ∣ C has at least δ nodes}.
In order to study the situation of nodes of curves C ⊂ S, we will focus on the properties of the map
C ↦ Sing(C), which sends a δ-nodal curve C to the subscheme supported on its nodes. In other
words, we will study the image of the forgetful map
f ∶ Vδ(W )⇢ S[δ].
If the rational map f is surjective, then a general configuration of δ points on S can be realized as
nodes of a curve in the sublinear system C ∈ ∣W ∣ ⊂ ∣OS(C)∣. However, in many instances the map f
is not onto, which means that the situation of the nodes of curves in ∣W ∣ is somehow special. The
present section will focus on the first case when the map f is not onto: when the image of the map
f has codimension one in S[δ].
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Definition 4.1. Let f be the forgetful map f ∶ Vδ(W )→ S[δ].We define the Severi locus, Sev(δ,W ),
as the closure of the image of the forgetful map f ,
Sev(δ,W ) = Im(f).
When this locus has codimension one, we will call it the Severi divisor.
Severi divisors in P2[δ]. Let us analyze the case S = P2 and ∣W ∣ = ∣O(d)∣. In this case
Vδ(W ), the Severi variety has the expected dimension and it is irreducible [Ha86]. Observe that, if
d(d + 3)/6 ≤ δ ≤ (d − 1)(d − 2)/2 (except (d, δ) ≠ (6,9)), then the map f is birational into its image
[Tre89]. Therefore, we have that the nodes of an irreducible curve in P2 of degree d form a divisor
in P2[δ], the Severi divisor, when dim Im(f) = 2δ − 1, which means
(d + 2
2
) = 3δ.
In this particular case of ∣W ∣ = ∣O(d)∣, we denote Sev(δ,W ) simply by Sev(δ).
Remark 4.2. The result of Treger does not hold for reducible nodal plane curves. For example
the family of quintics with seven nodes has a component V consisting of reducible curves with
components: an irreducible cubic and a reducible conic. Then, f(V ) is not a divisor; even though
3 ⋅ 7 = (5+2
2
).
Proposition 4.3. Let 3δ = (d+2
2
), with d ≥ 7. Then the class of the Severi divisor in Pic(P2[δ]) is
Sev(δ) = (3d − 3)H − 5
2
B.
Proof. Let us compute the class of Sev(δ) by intersecting it with two test curves. Let γ1 denote
the curve induced in P2[δ] by fixing p1, . . . , pδ−1 points and varying pδ ∈ l on a fixed line l. Let γ2
be the fiber of the Hilbert-Chow morphism h ∶ P2[δ] → P2(δ) over a general point of the diagonal.
We need to show that
(1)
γ1 ⋅ Sev(δ) = 3d − 3
γ2 ⋅ Sev(δ) = 5.
Indeed, the linear system Σ of plane curves of degree d singular at p1, . . . , pδ−1 has dimension
2. After possibly blowing up some extra base points q1, q2 . . . , it defines a morphism f ∶ Y → P
2
from Y = Blp1,...,pδ−1,q1,...P
2. The number γ1 ⋅ Sev(δ) equals deg(π(R)) where π ∶ Y → P2 is the
blow-up morphism and R is the ramification curve of f , because R parametrizes the singular points
of curves of Σ (c.f. [EH16]). Let Ei = π
−1(pi), Dj = π−1(qj) and ℓ = π∗l. Then f is defined by
L ∶= dℓ − 2∑iEi −∑j kjDj for some kj ≥ 1 and we have:
c1(R) =KY − f∗KP2
= −3ℓ +∑
i
Ei +∑
j
Dj + 3L
= (3d − 3)ℓ − 5∑
i
Ei −∑
j
(3kj − 1)Dj .
Therefore γ1 ⋅ Sev(δ) = deg(π(R)) = 3d − 3. The number γ2 ⋅ Sev(δ) counts the curves F ∈ Σ
having δ singularities two of which are concentrated at pδ−1. For this to happen it is necessary
and sufficient that the proper transform of F is again singular at some point of Eδ−1. Therefore
γ2 ⋅ Sev(δ) counts the number of intersections of R with Eδ−1. This number is 5 = R ⋅Eδ−1. 
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Example: Let δ = 12, d = 7 and l = 0. Following [ABCH13, CHW17], we list an extremal class in
the cone of effective divisors J , as well as an extremal class of the cone of movable divisors M . We
also list the class of the Severi divisor,
J = 7H −B,
M = 50
7
H −B = J + 1
7
H,
Sev(12) = 36
5
H −B = J + 1
5
H.
On the other hand, let’s fix a general nonsingular quartic C and consider a general Z ⊂ C, Z ∈ P2[12].
A pencil P4 ⊂ ∣Z ∣ on C defines a curve in P2[12] which is moving. It satisfies the following:
P4 ⋅H = 4, P4 ⋅B = 28
and therefore P4 ⋅J = 0. On the other hand, using the numerical classes, we find that P4 ⋅Sev(12) = 2.
We can also consider another curve Q4 ⊂ P
2[12] by taking a pencil in the linear system ∣3KC ∣. The
pencil Q4 is swept on C by a pencil of cubic curves. The curve Q4 is a specialization of P4 and
therefore has the same intersection numbers with H, B, J , and Sev(12) as P4 does. In particular
Q4 ⋅ Sev(12) = 2. There is an apparent contradiction here: no 12-nodal irreducible septic can have
its nodes on a cubic, and so one is led to think that Q4 and Sev(12) have empty intersection; on
the other hand Q4 ⋅ Sev(12) = 2. This is explained by the fact that Q4 and Sev(12) can meet (and
actually they do) along the boundary of Sev(12), i.e. at points of Sev(12) ∖ f(V7,12). It would be
nice to recognize directly what these two points are.
Let us analyze the case l > 0, where l is the codimension of the linear system W ⊂ ∣OP2(d)∣. If this
number l ≡ 0 (mod 3), then this case can be interpreted as follows. Suppose δ ≤min{d(d+3)/6, (d−
1)(d − 2)/2}, then the forgetful map f is onto [AC81] (except (d, δ) ≠ (6,9)). Hence, in order for
Im(f) to have dimension 2δ − 1, we need indeed the codimension of W to be positive.
Let Γ = {q1, . . . , qr} be a sufficiently general fixed scheme of degree r and dimension zero. Observe
that the Severi variety Vδ(W ) = Vδ(∣O(d)∣)∩W . Hence by takingW = {C ∈ ∣O(d)∣ ∶ C nodal at Γ},
we have Severi divisors in P2[δ] as long as
(2) (d + 2
2
) = 3δ + l,
where l = 3r.
For this choice of ∣W ∣, the computation of the class of Sev(δ,W ) carries over.
Proposition 4.4. Let ∣W ∣ ⊂ ∣OP2(d)∣ be a subspace of codimension l = 3r, and assume (d+22 ) = 3δ+l,
with d ≥ 7. Then the class of the Severi divisor in Pic(P2[δ]) is
Sev(δ,W ) = (3d − 3)H − 5
2
B.
Proof. Let Γ = {q1, . . . , qr} be a sufficiently general fixed scheme of degree r. We blow up the points
p1, . . . , pδ−1, q1, . . . qr ∈ P
2 and arguing as in Proposition 4.3 on the linear system ∣OP2(dh−2p1 −⋯−
2pδ−1 − 2q1 −⋯− 2qr)∣ = P2, the result follows. 
Informally, the previous proposition allows us to interpret the Severi divisor Sev(δ,W ) as the locus
Z ∈ P2[δ] such that Z ∪ Γ can be realized as nodes of an irreducible curve of degree d, where Γ is a
sufficiently general fixed subscheme of degree r.
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Remark 4.5. Suppose that l ≡ 1 (mod 3). Let Γ be a sufficiently general fixed scheme of degree l
and dimension zero. In particular, Γ could be 3r nodes and a single point so let Γ = 2q1+⋯+2q3r+p.
Notice that from the argument of Proposition 4.4, it follows that the class Sev(δ,W ) = (3d− 3)H −
5
2
B, where W = ∣OP2(dh − Γ)∣.
On the other hand, observe that Sev(δ,W ) will be reducible in many instances. When this happens,
it would be interesting to analyze the irreducible components of it, and see if one of them generates
an extremal ray of the effective cone.
Corollary 4.6. Let d ≡ 1 (mod 5) and d < n ≤ 1
3
(d+2
2
). Then the class of the Severi divisor can
be written as Sev(δ) = kH − 1
2
B. Consequently, the augmented and restricted base locus of Sev(δ)
is equal to that of the divisor defined by those schemes which fail to impose independent conditions
on curves of degree k. Also, Sev(δ) spans a wall of the SBLD.
Proof. This is a direct consequence of [ABCH13]. 
Example: Let δ = 18, d = 9 and l = 1. In this case, the following divisor J = 23H − 5
2
B spans an
extremal ray of Eff(P2[18]). Moreover, there exist effective and non ample divisors Dk for 5 ≤ k ≤ 17
[ABCH13]. On the other hand, the class of the Severi divisor is Sev(18,W ) = 24H − 5
2
B and the
divisor D5 = 5H −
1
2
B. Given this, we can immediately see that every set of 18 points which fails to
impose independent conditions on degree five curves is also the nodes of a degree 9 curve passing
through a general fixed point. In this case, the Severi divisor can be interpreted as parametrizing
configurations of 18 points that can be realized as nodes of a curve of degree 9 that contains a fixed
point q ∈ P2.
Notice that it suffices to analyze l ≡ 0,1 (mod 3) for the equation (2) has no integral solutions when
l ≡ 2 (mod 3).
Example: Let δ = 145, d = 28 and l = 0. The class of the Severi divisor is Sev(145) = 81H − 5
2
B,
whereas the following class is extremal in the effective cone J = 576
37
H − B
2
. Observe that the class
D16 = 16H −
B
2
comes from a well-defined effective divisor. This is one of the first examples in which
there is an effective class kH −B/2 whose slope is smaller than that of the Severi divisor where k
is an integer.
We now consider the case where we only require a subcollection of the points to be the nodes of a
curve. We start with an example.
Example: We saw that Sev(12) = 18H − 5
2
B is is a divisor on the Hilbert scheme of 12 points
whose general point is the collection of nodes of an irreducible degree 7 curve. We now want to
require that 12 out of a collection of 13 points are the nodes of an irreducible degree 7 curve. We
want to compute the class of the divisor D this defines. We will use test curves.
The first test curve C is fixing twelve general points and then varying the thirteenth on a fixed
general line. Let’s label out points p1, ⋯, p12, and p13 where p13 is the moving point. Consider
curves which are nodal at p1 through p11. Then we know that there are 3 ∗ 7 − 3 = 18 points on
the fixed line which are the twelfth node of such a curve by the same argument as in the proof of
Prop. 4.3. The same holds true for any collection of eleven points in p1 through p12 of which there
are twelve so C ⋅D = 12 ∗ 18 = 216.
The second test curve C ′ is fixing twelve general points and then varying the thirteenth on a
fixed general line through one of the points. Let’s label out points p1, ⋯, p12, and p13 where p13 is
the moving point and the line is through p12. There are now two distinct types of subcollections of
the fixed points of size eleven: those with p12 and those without p12. Consider the only collection
without it: p1, ⋯, p11. Then consider the curves which are nodal at p1 through p11. Next we know
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that there are 3∗7−3 = 18 points on the fixed line which are the twelfth node of such a curve. Now,
there are eleven collections including p12 and for any of these, there are 3 ∗ 7 − 3 − 5 = 13 points on
the fixed line which are the twelfth node of such a curve. So C ⋅D = 18 + 11 ∗ 13 = 161. Thus, we
get the class D = 216H − 55
2
B.
The previous computation holds in general. Note there is no conflict in using Sev(n,W ) for this
kind of divisor as that notation would not make sense for this n and W trying to impose n nodes
rather than some subcollection of size δ as nodes.
Proposition 4.7. Let ∣W ∣ ⊂ ∣OP2(d)∣ be a subspace as above such that (d+22 ) = 3δ + l, with d ≥ 7,
0 ≤ l < 1, n ≥ δ. Then the class of the Severi divisor in Pic(P2[n]) is
Sev(n,W ) = (n − 1
δ − 1
)(3d − 3)H − (n − 2
δ − 2
)5
2
B.
Note, this spans the same ray as the divisor
Sev(n,W ) = n − 1
δ − 1
(3d − 3)H − 5
2
B.
4.1. The general computation. Let us compute the class of the Severi divisor in more generality.
Let Vδ(W ) be the Severi variety, generically parametrizing irreducible curves with at least δ nodes
in the linear subsystem ∣W ∣ ⊂ ∣OS(C)∣ of codimension l. We have that the expected dimension is
(3) edimVδ(W ) = dim ∣OS(C)∣ − δ − l.
Theorem 4.8. Let C ⊂ S be a curve contained in a smooth projective surface with h1(OS) = 0.
Assume the Severi variety Vδ(W ) has the expected dimension, its generic point parametrizes an
irreducible curve and the class KS + 3C is effective. Then the class of the Severi locus is
Sev(δ,W ) = (KS + 3C)[δ] − 52B[δ],
as long as dim ∣C ∣ = 3δ − 1 + l. In particular, Sev(δ,W ) is a divisor.
Proof. Observe we have a morphism f ∶ Y → P2, where Y = Blp1,...,pδ−1S → P
2 given by the linear
system ∣OS(C − p1 −⋯ − pδ−1)∣. Writing π ∶ Y → S the blowup map, then we write the class of R,
the ramification curve of f as follows
c1(R) = π∗KS + 3C˜ − 5E,
where C˜ is the strict transform of the curve C ⊂ S and E = E1 + ⋯ + Eδ−1 is the sum of the
exceptional divisors. Taking π∗c1(R) we get a curve class in Pic(S) and we can read off the
class of the Severi divisor out of it. Since cohomology class of Sev(δ,W ) ≠ 0, it follows that
dim Sev(δ,W ) ≥ dim S[δ] − 1. However, dimVδ(W ) ≤ 2δ − 1, which implies that Sev(δ,W ), the
Severi locus is a divisor. 
Corollary 4.9. Under the same assumptions as above, the following forgetful map is finite
f ∶ Vδ(W )→ S[δ].
Note the Severi divisors we defined for P2 where we required that some subcollection of points be
the nodes of a curve also carry over to other surfaces and the computation of their class is similar.
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The Severi divisors in F
[n]
r . Let us now apply these results for Hirzebruch surfaces. In particular,
the Severi divisor in this case yield examples of divisor classes which were previously unknown to
be effective.
Let Va,b,n ⊂ La,b = ∣OFr(aE + bF ) ∣ be the Severi variety parametrizing irreducible curves in L with
n isolated nodes. Since the forgetful rational map is finite, then ψ ∶ Va,b,n Ð→ F
[n]
r , the closure
Sev(n) = ψ(Va,b,n) ⊂ F[n]r is a divisor as long as dimVa,b,n = 2n − 1. This equation becomes
(4) (a + 1)(b + 1) − r
2
(a2 + a) = 3n,
because the Severi variety Va,b,n has the expected dimension and as long as b ≥ ar. Since Eff(Fr) =⟨E,F ⟩, we can assume that a, b ≥ 0.
Let us suppose that (a, b,n, r) satisfies (4). It follows from Theorem 4.8 that the class of the Severi
divisor in F
[n]
r is
(5) Sev(n,La,b) = (3a − 2)E[n] + (3b − r − 2)F [n] − 52B.
Example: Let us mention the case of n = 10 points in F1. The following subcone spanned by
E[10], 9F [10] − 1
2
B, and B[10] was studied in [BC13]. Additionally there is a single line bundle
O(3H) with the correct numbers of sections to give an extremal divisor of the effective cone.
Then in this case, there are two intrinsic Severi divisors coming from 10 nodal curves with classes
3E + 8F and 4E + 7F . These give divisors with the classes Sev(10,L3,8) = 7E[10] + 21F [10] − 52B
and Sev(10,L4,7) = 10E[10] + 18F [10] − 52B, resp. Both of these classes are outside the known
chambers and outside the span of the four known extremal divisors.
We again can define the Severi divisors for n which do not have the right number of sections. Using
similar arguments to last section, if we append a general collection n −m points to the each point
in Sev(m), we get the divisor class
Sev(m) = (3a − 2)E[n] + (3b − r − 2)F [n] − 5
2
B ∈ NS (F[n]r )
for all n ≥ m. Similarly, if we require that subcollection of m points be in Sev(m), we get the
divisor class
Sev(m) = (n − 1
δ − 1
)(3a − 2)E[n] + (n − 1
δ − 1
)(3b − r − 2)F [n] − (n − 2
δ − 2
)5
2
B ∈ NS (F[n]r )
for all n ≥m.
Example (new effective class in F
[12]
1
): Let us work out the case of n = 12 points in F1.
The equation 4 yields (a + 1)(2b − a + 2) = 72. Some solutions to this equation are (a, b) =
{(7,7), (2,12), (0, 35)}. Let us consider the first pair (a, b) = (7,7). It follows from Theorem
4.8, that the class of the Severi divisor in F
[12]
1
is
(6)
Sev(12,L7,7) =19E[12] + 18F [12] − 52B,
=18H[12] +E[12] − 5
2
B.
On the other hand, le us consider the second pair (a, b) = (2,12). In this case, the class of the
Severi divisor is
(7)
Sev(12,L2,12) =4E[12] + 33F [12] − 52B
=4H[12] + 29F [12] − 5
2
B.
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Note, this Severi divisor is outside the known effective cone and outside the cone spanned by
effective divisors coming from tautological line bundles. In other words, this class as far as we
know was not previously known to be effective.
These examples brings to light a common phenomenon. Given a Severi divisor on P2[n], we can
take the open subset of it whose nodes do not lie on the blow up point and treat it as the open
subset of a divisor with the same class in terms of H and B on F
[n]
1
(and all of the other del Pezzo
surfaces). If we then use the standard birational transformation to F0, we can assume the nodes
of the general member of this locus are not on the second blown up point nor on the line between
the two blow up points. This means we can treat it as the open subset of a divisor with the same
class in terms of H and B on F
[n]
0
where H =H1 +H2. Interestingly, if we then do the standard by
birational transformation back to F1, the general nodal curve in this locus has now gone from the
class dH to class dH + dF ! This gives a “Severi” divisor with class
(3d − 3)(H + F ) − 5
2
B.
As we carry these loci across each birational transformation from Fi to Fi+1, we get two Severi
divisors on each Hirzebruch surface, i > 0 with each of these respective classes so these extrinsic
Severi divisors, in the sense that they come from linear systems on other surfaces, give Severi
divisors along two distinct hyperplanes in the Neron-Severi space.
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